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Abstract 

We study the UV properties of the three-dimensional = 4 SUSY nonUnear 
sigma model whose target space is T*{CP^-^) (the cotangent bundle of CP^'^) to 
higher orders in the expansion. We calculate the /3-function to next-to- leading 
order and verify that it has no quantum corrections at leading and next-to-leading 
orders. 
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1 Introduction 



Three-dimensional nonlinear sigma models have special properties regarding UV diver- 
gences. They are non-renormalizable theories in the sense of perturbation expansion, but 
they are renormalizable in the expansion |jl|, 0. The three-dimensional 0{N) and 
(jpN~i nonlinear sigma models were studied to next-to-leading order in and their 
/^-functions were determined to this order [0, ||, Q. 

An important feature of SUSY field theories is weaker quantum corrections, particu- 
larly UV divergences in the perturbation expansion. We want to pose the question: "Do 
SUSY field theories have this feature in the expansion? Does the model with higher 
Af extended SUSY have better UV property?" We address ourselves to these questions 
in extended SUSY nonlinear sigma models in three dimensions. 

Some works have been made in this direction. In the M = 1 SUSY 0{N) nonlinear 
sigma model in three dimensions, the next-to-leading order term in the /5-function turned 
out to be absent modulo power divergences in the expansion ^ and in the critical 
exponent technique In the Af = 2 SUSY CP^^^ model in three dimensions, the 
next-to-leading order term in the /3-function was found to vanish @, In the A/" = 4 
SUSY nonlinear sigma model in three dimensions whose target space is T*{CP^~^) (the 
cotangent bundle of CP^~^), the /3-function was found to receive no quantum corrections 
at leading order |jlO[. Curiously, these results in low orders of are reminiscent of the 
UV properties in perturbation oi M = 1,2 and 4 SUSY gauge theories in four dimensions. 

We have initiated a study of the UV properties of the A/" = 4 SUSY T*{CP^~^) model 
in three dimensions in higher orders of the expansion. Nonlinear sigma models in 
three dimensions are plagued by a number of power divergences in the cutoff A. We 
investigate how such UV divergences may combine to cancel out in the model. To this 
end we use the cutoff regularization. In this letter we present the result of the computation 
of the /3-function to next-to- leading order in We have previously shown that the 

/9-function at leading order receives no quantum corrections in the saddle point evaluation 
pi]| . We examine whether this remarkable property will persist at higher orders. 
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2 The Model 



We consider the A/" = 4 SUSY T*{CP^ ^) model in three dimensions |[Tn|. The model can 



be constructed from the Af = 2 model in four dimensions |TT| by dimensional reduction. 



We follow |TT| and use the component language. The model consists of 2N complex 
scalar fields 4>°'{x) {i = 1,2; a = 1, . . . ,N), 2N Dirac fields (x) (the superpartners of 
(pf) and auxiliary fields a{x) (real scalar), t{x) (complex scalar), Af^{x) (f/(l) vector). 
The Lagrangian is given by 



£1 = D.^fD.^I + ^i^Tl.D.^P^-Tij'^^p^-fij^ij'^ 

+a(^r A° - ^2 ^2 ) + (rr + a^)^^^-, (2.1) 

with the constraints 

- 0^0° = iV/^;, 0-0° = 0, (2.2) 

0?7Ar-z0?^2°* = O, 0?^2° + #2^r = O. (2.3) 

We use the Euclidean metric and Df^ = 9^ + (/x = 1,2,3). The symbol 7^ is the 
Dirac matrices in three dimensions. They are given by 7^ = ia2, 7^ = icr^ and 7^ = iai. 
Simple dimensional reduction assures that the model (|2.1| ) inherits J\f = 4 SUSY from the 



four-dimensional M = 2 SUSY model ITT 



The constraints ( [2. 21 ) and ( |2.3| ) may be expressed as (5-functionals. This introduces 
a real scalar a(x), a complex scalar j3{x) and two complex spinors c{x) and e(x) as the 
Lagrange multiplier fields: 

C = £1 - a(0?0? - 0^0^ - iV/(7) 

-/30°0°-;30°0- 

+05^07/^^^ + 0^^J'C + i02 C*^^ - 202 C* 

+0^#^ + 0^V'2 e - i02e*^" + 202^1 e*. (2.4) 

The sets of the fields (y4^,c, a, a) and (r, e,/5) are the components of the Af = 2 U{1) 
vector multiplet in the Wess-Zumino gauge and the M = 2 Lagrange multiplier multiplet 
respectively, which are obtained by dimensional reduction of the four- dimensional M = 2 
model in the superfield formulation |12 . 
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The vacuum of the model is determined by the expectation values of the scalar fields 
0f . Taking account of the constraints ( |2.2| ), we set 

= (0, ■ ■ ■ , v^r), (<S) = (0, ■ ■ ■ , ^/Ns, 0). (2.5) 

The values of r and s are fixed from the saddle point conditions. Because of the constraints 
( p.2| ), only the broken SU{N) phase is allowed. The vacuum expectation values r and s 
are related to the coupling constant as — = 1/g. We study the UV properties of the 
model by setting s = 0. We should obtain the same result regarding the UV property of 
the model for other values of r and s. Performing the shift 

0f ^ 0f + VNr, (2.6) 

in (|2.4|) , we obtain the Lagrangian 

£' = m-d' - ^A, d, +A')<f>t + {fr + a'^yi 



m<P? - - 0202 - N/g) 

- 4) c - rr^r^ - rr^r^ + ^r^r^ - 

+ <Pl^lC + ^02 C>2 - ^02 ^2 c* 

+0^^^ + ^^V-^e - i0^e*Vr + «02^i e* 
+Nr'^{A^ + fr + 0-^ - a) 
+VNf{-id^'A^ + A'^ + fT + a^- a)0f 
+VNr(f)^{id>'Af, + + fr + - a) 

+VN{r(3(f)^ + f^0^ + fcifj^ + rV^f c + feip^ + rijj^e). (2.7) 

The prescription of computing quantum corrections in the expansion is the same as 
that in the CP^^^ model ||T^. We need the effective propagators of the auxiliary fields. 
They are given by 



( \ - ^ ^ Is - El^ 



2- 



D%P) = l r^^a 2 ^ ^'(P) = ^ r^^to 2 - (2-^ 



We have used the Landau gauge in deriving D'^^ij)). 



3 The /3-Function 



The bare quantities denoted by tlie subscript are related to renormalized quantities by 

0i,o = {Z^iY^'^cpi, ipifl = {Z^if/'^ipi, go = Zgg (3.1) 
LpQ = Z^ip, ip = a,P,a,T,A^,c,e. (3.2) 

We decompose the bare Lagrangian Co into the renormahzed part C and the counterterm 
Lagrangian Cqt, -^o = + -^ct- -^o and C are written in terms of the bare and renor- 
mahzed quantities, respectively. Cq is exactly of the same form as C Cqt is designed to 
eliminate all UV divergences in n-point functions due to loop effects. Because of the shift 
( ^I6D , it is given by 

C'c^ = -Ci(f)id^(Pi-C2a{^,(j)i + Nr^)+CgaN/g 

+C3^^i^tPi + C^aii^iPi + ■■■, (3.3) 

where 

Cl = Z^i — 1, C2 = ZaZ^i — 1, Cg = ZaZg ""^ — 1, (3.4) 

C3 = Z^i — 1, 6*4 = Z^Z^i — 1, ■ ■ ■ . (3.5) 

The Z and C factors are expanded in as Z = + + - ■ ■ and C = C^^)+C'^^) + . . .. 

Before discussing the main result of our study, we summarize the result in leading 
order [|ry]. There are only a few kinds of loop diagrams in leading order: the tadpole, 
self-energy and three-point vertex function of the auxiliary fields (without containing 0j 
and ipi). We are concerned with these diagrams. 

Z^g^ can be obtained by computing the one loop a-tadpole contributing to the one- 
point vertex function r^. We find from ( p.7|) that (pi and 02 loops contribute to this 
diagram. Since the 0i and 02 modes contribute with opposite signs, this diagram is zero. 
This cancellation mechanism of UV divergences is the same as that of the two-dimensional 
A/" = 4 SUSY T*{CP^~^) model in the usual perturbation expansion The three- 



point vertex function of the auxiliary fields vanish identically as in the CP^~^ model [0 
and the four-fermion model fl^ in three dimensions. The same argument holds for the 
cr-tadpole |jl4 



In fact, the leading-order tadpole diagrams have already been accounted for by the 
saddle point conditions and so we need not discuss them except to say that these tadpole 
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Figure 1: Next-to-leading order diagrams contributing to renormalization of 0i. We 
denote the propagators of and ip by dashed and thin sohd hues, respectively. 

diagrams should be considered illegal as subdiagrams. Likewise, the self-energy diagrams 
of the auxiliary fields are also illegal subdiagrams because they are taken into account by 
the effective propagators (|2.8| ) and are all finite. 
Therefore, the model is finite to leading order in 

= 1, (3.6) 

for all factors. In particular, it implies that the /5-function receives no quantum corrections 
at leading order. However the /5-function receives the trivial tree level contribution; the 
dimensionless coupling constant g = fig (the renormalization scale /i is of dimension one) 
depends on fi at tree level. The /3-function at leading order is therefore given by 

P^'\~g) = ~g. (3.7) 

We now proceed to next-to-leading order in We have calculated the next-to- 

leading order corrections to the self-energies of bosons (pi and fermions ipi and those to the 
three-point vertex functions -Tq.^^ and F^^^. Next-to- leading order diagrams contributing 
to renormalization of (pi are shown in Fig. |I[ These self-energy diagrams contain UV 
power divergences, but they cancel out in the sum of all diagrams. This is because 
the power-divergent terms cancel between the loops of bosons and fermions of the same 
multiplet due to SUSY. The two loop diagrams contributing to -Ta^^ i^a^rp) ^Iso contain 



UV power divergences. We find from (|2.7| ) that (pi {^pi) and (p2 {1P2) loops contribute to 
these diagrams. Since the (pi (ipi) and 02 ("02) modes contribute with opposite signs, the 
each of these diagrams is zero. The remaining logarithmic divergences are removed by 
the Z factors in next-to-leading order. Therefore we obtain 

41' --^1.^. ^«-4"^0. (3,8) 
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^^-^ ^--^0^ v^.^ : 



(h) (i) (j) (k) (1) (m) (n) 

Figure 2: Next-to-leading order diagrams of the a-tadpole. The squares represent coun- 
terterm vertices. 

The boson and fermion wave-function renormahzation constants Z^j) and should 
be the same in a manifestly SUSY calculation scheme. Z^^ and Z^p^ we have obtained 
turn out to be unequal. We can think of two possible causes for this disagreement, i) We 
have used the component language taking the Wess-Zumino gauge for the U{1) vector 
multiplet. Supersymmetry is broken by this choice. The disagreement of the boson and 
fermion Z factors have been noted in the perturbative calculation in the SUSY Yang-Mills 
theory in the Wess-Zumino gauge [^. ii) The momentum cut-off regularization is likely 
to break SUSY due to asymmetric treatment of boson and fermion loop momenta |I5|] . 

Next-to-leading order diagrams of the a-tadpole Fa are shown in Fig. |^. Figs. 21-2n 
are counterterm diagrams. These diagrams receive the following contributions: 

r„,2i = -AZ«+AZ«, (3.9) 
= A(Z« + Zi^)) - A(45 + Z(i)), (3.10) 

where 



r<.,2„ = iVr^(z';' + ZW) - iV((Z-')l') + zW)/9, (3.11) 



^-lA-A- (3.12) 

' (27r)^p2 V ; 



The sum of Figs. 21 and 2m is zero. From the Z factors ( |3.8| ), we find 

r„,2n = -^ln---ZV- (3-13) 
Fig. 2k and the sum of Figs. 2i and 2j are 

2r^ A 

We find that this logarithmic divergence is canceled by the first term in the counterterm 
( p.l3| ). Thus Z'^p can be obtained by computing Figs. 2a-2h. For Fig. 2a we obtain 

r — 7-i(<^lmode) p(02mode) _ r. /'Q 1 c:^ 

-i a,2a — -i a,2a + a,2a " U, (^d.iOj 

because 

p(01mode) _ p(</,2modc) _ /" C^^P /" n« ^r,^ l"? 1 fi^ 

For the same reason, we have found that the each of Figs. 2b-2h is zero. Finally we obtain 

= 0. (3.17) 
This implies that the /3-function receives no contributions at next-to-leading order: 

P^'\9) = 0. (3.18) 



4 Discussion 

We have shown that the /^-function in the Af = 4 SUSY T*{CP^^^) model in three 
dimensions receives no quantum corrections to leading and next-to-leading orders. There 
is a theorem that the /3-function in leading and next-to-leading orders has renormalization 



scheme independent meaning in the usual perturbation expansion ||T^. In 1/A^ expansion, 
however, the /3-function will not probably have this feature. It is an important question 
whether the absence of non-leading corrections to the /3-function persists to all orders in 
1/A^. We need to make use of the superfield formulation in order to handle the problem. 
For instance, in perturbation expansion the two-dimensional A/" = 4 SUSY nonlinear 
sigma models were found to be finite to all orders using a general argument combining the 
background field method and differential geometry in the superfield formulation [|18]. In 



the 1/A^ expansion, we already know that the two-dimensional A/" = 4 SUSY T*{CP 



Af-l^ 



model should be finite to leading order in the superfield formulation ||I21 . 



8 



Acknowledgements 



We would like to thank M. Sakamoto for a careful reading of the manuscript and enlight- 
ening discussion of the dependence of the Z factors and the /3-function on the scheme. 
This work is supported partially by the Grants in Aid of Ministry of Education, Culture 
and Science (Priority Area B " Supersymmetry and Unified Theory" and Basic Research 
C). M. Y. was supported by a Research Assistantship of Chuo University. 

References 



[1] 

[2] 
[3] 
[4] 
[5] 
[6] 
[7 



[9 
[10 

[11 
[12 

[13: 

[14 
[15 



I.Ya. Arefeva, Theor. Math. Phys. 31 (1977) 279; Ann. Phys. 117 (1979) 393. 

A. N. Vasil'ev and M.Yu. Nalimov, Theor. Math. Phys. 55 (1983) 423; 56 (1983) 643 

B. Rosenstein, B.J. Warr and S.H. Park, Nucl. Phys. B336 (1990) 435. 
J. A. Gracey, J. Phys. A23 (1990) L467. 

R.J. Cant and A.C. Davis, Z. Phys. C5 (1980) 299. 

V.G. Koures and K.T. Mahanthappa, Phys. Rev. D43 (1991) 3428. 

J. A. Gracey, Nucl. Phys. B348 (1991) 737; B352 (1991) 183. 

T. Inami, Y. Saito and M. Yamamoto, Prog. Theor. Phys. 103 (2000) 1283, |hep- 



th/0003013 . 



J. A. Gracey, Nucl. Phys. B454 (1995) 103, |hep-th/950817^ . 



T. Inami, Y. Saito and M. Yamamoto, Phys. Lett. B495 (2000) 245, |hep-th/0008T95 

T.L. Curtright and D.Z. Freedman, Phys. Lett. 90B (1980) 71. 

M. Rocek and P.K. Townsend, Phys. Lett. 96B (1980) 72. 

I.Ya. Arefeva and S.I. Azakov, Nucl. Phys. B162 (1980) 298. 

B. Rosenstein, B.J. Warr and S.H. Park, Phys. Rev. Lett. 62 (1989) 1433. 

T. Inami, H. Nishino and S. Watamura, Phys. Lett. B117 (1982) 197. 



[16] D.R.T. Jones, Nucl. Phys. B87 (1975) 127. 

[17] D.J. Gross, "Applications of the Renormalization Group to High-Energy Physics," 
in Methods in Field Theory, Les Houches 1975, eds. E. Brezin and J. Zinn- Justin 
(North-Holland, 1976) 140. 

[18] L. Alvarez-Gaume and D. Z. Freedman, Ann. Phys. 134 (1981) 85. 



10 



